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A non-hamiltonian cyclically 4-edge-connected bicubic graph with 54 vertices is 
constructed. This is the smallest non-hamiltonian 3connected bicubic graph known, 
and is the first such graph that is cyclically 4-edge-connected. 
A graph is bicubic if it is bipartite and each vertex is of degree 3. A graph 
is hamiltonian if it contains a circuit that includes every vertex. A graph is 
cyclically I-edge-connected if any set of edges, whose removal separates the 
graph into two parts both containing a circuit, contains at least 4 edges. 
Non-hamiltonian 3-connected bicubic graphs have been sought since Tutte 
published a conjecture that none existed [4]. Horton found the first such 
graph (see [ 1, p. 2401) which contained 96 vertices. Horton also published 
another one containing 92 vertices [3]. Ellingham constructed an infinite 
family of such graphs and noted that no cyclically 4-edge-connected such 
graphs had been found up to that time [2]. Ellingham’s smallest non- 
hamiltonian bicubic graph contained 78 vertices. In this note we construct an 
infinite family of non-hamiltonian cyclically 4-edge-connected bicubic 
graphs, the smallest of which has 54 vertices. 
Let A be a cyclically 4-edge-connected bicubic graph such that any 
hamiltonian circuit must pass through both or neither of two particular 
edges. Such a graph exists on 16 vertices (see Fig. l), as was used by 
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FIG. 1. A - no hamiltonian circuit through exactly one of ab or cd. 
Horton in his constructions. The specified edges are ab and cd. Let B be a 
cyclically 4-edge-connected bicubic graph such that no hamiltonian circuit 
passes through both of two particular edges. Such a graph exists on 18 
vertices (see Fig. 2), as was used by Ellingham in his constructions. The 
specified edges are ef and gh. 
We take one copy of A, two copies of B and any cyclically 4-edge- 
connected bicubic graph C with two nonadjacent edges specified. Remove 
the 8 specified edges, and rejoin the vertices of degree 2 as indicated in 
Fig. 3. The resulting graph G is bicubic, cyclically 4-edge-connected, and 
has no hamiltonian circuit. 
Assume G does have a hamiltonian circuit H. Each part of G, A, B, B, C, 
must be covered by either one path or two paths in H. But neither copy of B 
can be covered in H by two paths both going from vertices e,f to vertices g, 
h; otherwise B would have a hamiltonian circuit through both ef and gh. 
Thus if a copy of B is covered by two paths in H, the paths must run from e 
FIG. 2. B - no hamiltonian circuit through both ef and gh. 
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-- - omitted edges 
- new edges 
FIG. 3. The general construction. 
tof, and from g to h. But if this were true for both copies of B, H would not 
be connected. Similarly, if one copy of B were covered by one path in H 
going from e tof, or from g to h, H would not be connected. It follows that 
both copies of B must be covered by only one path in H, and in both cases 
the path must run from e or f to g or h. Hence, A must be covered by a 
single path in H, running from a or c to b or d. But then, because A is 
bipartite, this path, together with precisely one of the omitted edges ab or cd, 
would form a hamiltonian circuit in A. Since this is impossible, G must be 
non-hamiltonian. 
Figure 4 contains the smallest graph obtainable using this technique, 
which has 54 vertices. The graph C, missing two edges, has been replaced by 
one edge. Originally, we had placed a circuit of length 4 here. J. Culberson, 
an undergraduate student at the University of New Brunswick at the time. 
noted that a single edge was sufftcient. A non-hamiltonian cyclically 4-edge- 
connected bicubic graph with 2n vertices, 2n > 54, can be obtained by 
replacing C with a suitable graph on 2n - 52 vertices. 
It would be desirable to find a non-hamiltonian 3-connected bicubic graph 
with fewest vertices. Some results in [2] relevant to the search for this object 
may be summarised as follows: 
PROPOSITION. Every 3-connected bicubic graph with 22 or fewer vertices 
has a hamiltonian circuit through any given edge. Any such graph with 18 or 
fewer vertices has no edge which is on every hamiltonian circuit. 
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FIG. 4. The smallest known non-hamiltonian bicubic graph. 
COROLLARY. Any non-hamiltonian 3-connected bicubic graph with 40 or 
fewer vertices is either cyclically 4-edge-connected, or else contractible to a 
smaller non-hamiltonian 3-connected bicubic graph. 
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